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This study uses Level (k,1) interval-valued fuzzy numbers to examine the fuzzy reliability
of a serial system and a parallel system and obtain the estimated reliability of both systems
in the fuzzy sense.
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Conventional reliability theory comprises two core hypotheses: (A) the probability assumption and (B) the binary-state
assumption. The probability assumption requires full characterization of the system behavior in the context of the probabil-
ity evaluation, whereas the binary-state assumption assumes that the system has only two states at any time. These two
states are the functioning state and the failed state. Based on the referenced literature [2–5], we modiﬁed (B)–(B0), which
represents the ‘‘fuzzy-state’’ assumption. This modiﬁed assumption asserts that at any given time, the system has only
two states, namely, the fuzzy success state, and the fuzzy failure state. Cheng and Mon [6] used the a-cut of Level-1 fuzzy
numbers to obtain the intervals and determine the fuzzy reliability of the serial system. In addition, they successfully iden-
tiﬁed the fuzzy reliability of the parallel system. Chen [7] used fuzzy numbers to determine the fuzzy reliability of the two
systems, whereas Singer [12] used LR-type fuzzy numbers to consider the fuzzy reliability problem. However, Singer applied
the product  of two LR-type fuzzy numbers using approximate LR-type fuzzy numbers.
Section 2 presents several properties of Level (k,q) interval-valued fuzzy sets. As shown in Section 3, the reliability Rj of
the subsystem was fuzziﬁed by designating Tj as the operating time for subsystem Pj of certain systems. Because the mem-
bership grade at Rj does not always equal 1 in time Tj, we assumed that it belongs to interval [k,1], 0 < k < 1. This study used
Level (k,q) interval-valued fuzzy numbers to determine the fuzzy reliability of both systems and obtain the estimated reli-
ability of both systems in the fuzzy sense, using the signed distance method. Furthermore, to ensure easy defuzziﬁcation, the
signed distance proposed by Abbasbandy and Asady [1] must be considered and modiﬁed into the signed distance of an
interval-valued fuzzy number. An example is provided in Section 4. Relevant discussions and a conclusion are presented
in Section 6.
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The following deﬁnitions are proposed to use fuzzy numbers and Level (k,q) interval-valued fuzzy sets in the fuzzy
reliability of serial and parallel systems.
Deﬁnition 1. eA is called a Level k triangular fuzzy number 0 < k 6 1 if its membership function on R = (1, +1) is
leAðxÞ ¼
kðxaÞ
ba ; a 6 x 6 b
kðcxÞ
cb ; b 6 x 6 c
0; otherwise
8><>: ð1Þ
where a < b < c. We denote eA ¼ ða; b; c; kÞ. When k = 1, it is called a triangular fuzzy number. The family {(a,b,c;k)j"a < b < c, a,
b, c 2 R} of all Level k fuzzy numbers is denoted by FN(k).Deﬁnition 2. A fuzzy set [a,b;a], where 0 6 a 6 1 and deﬁned on R, is called a Level a fuzzy interval, if its membership func-
tion isl½a;b;aðxÞ ¼
a; a 6 x 6 b
0; otherwise

ð2ÞDeﬁnition 3 (Pu and Liu [11]). ~a is called a fuzzy point at a if its membership function on R = (1, +1) isl~aðxÞ ¼
1; x ¼ a
0; x – a

ð3ÞThe family f~aj8a 2 Rg of all fuzzy points is denoted by FP. When a = b = c, Level 1 fuzzy number (a,b,c;1) degenerates to
ða; a; a;1Þ ¼ ~a . When a = b, Level 1 fuzzy interval [a,b;1] degenerates to ½a; a;1 ¼ ~a.Deﬁnition 4. (Gorzalczany [9]; Deschrijver [8]) An interval-valued fuzzy set eAði v fuzzy set) on R is derived byeA  fðx; ½leAL ðxÞ;leAU ðxÞÞjx 2 Rg;0 6 leAL ðxÞ 6 leAU ðxÞ 6 1;8x 2 R. It is denoted by leAðxÞ ¼ leAL ðxÞ;leAU ðxÞh i; x 2 R oreA ¼ ½eAL; eAU  ð4Þ
The i  v fuzzy set eA indicates that, when the membership grade of x belongs to the interval leAL ðxÞ;leAU ðxÞh i, the largest grade
is leAU ðxÞ and the smallest grade is leAL ðxÞ.
LetleAL ðxÞ ¼
kðxaÞ
ba ; a 6 x 6 b
kðcxÞ
cb ; b 6 x 6 c
0; otherwise
8><>: ð5Þ
Therefore, eAL ¼ ða; b; c; kÞ; a < b < c.
LetleAU ðxÞ ¼
qðxpÞ
bp ; p 6 x 6 b
qðrxÞ
rb ; b 6 x 6 r
0; otherwise
8><>: ð6Þ
Therefore, eAU ¼ ðp; b; r;qÞ; p < b < r. Consider the case in which 0 < k 6 q 6 1 and p < a < b < c < r. From (5) and (6), we obtaineA ¼ ½eAL; eAU  ¼ ½ða; b; c; kÞ; ðp; b; r;qÞ, which is called the Level (k,q) i  v fuzzy number. The family {[(a,b,c;k), (p,b,r;q)]
j"p < a < b < c < r,p,a,b,c,r 2 R} of all Level (k, q) i  v fuzzy numbers is denoted by FIV(k,q), 0 < k 6 q 6 1. Fig. 1 shows that,
when a = p, c = r, k = 0, the Level (k,q) i  v fuzzy number [(a,b,c;k), (p,b,r;q)] reduces to the Level q triangular fuzzy number
(p,b,r;q).
Let eA ¼ ½eAL; eAU  ¼ ½ða; b; c; kÞ; ðp; b; r;qÞ 2 FIV ðk;qÞ. Fig. 2 shows that the a  cut of eA is deﬁned as follows:
for 0 6 a < k, the a-cut of eA is AðaÞ ¼ xjleAU ðxÞP an o xjleAL ðxÞ > an o ¼ AUl ðaÞ;ALl ðaÞh i [ ALr ðaÞ;AUr ðaÞh i; otherwise, for k
6 a 6 q, the a-cut of eA is AðaÞ ¼ AUl ðaÞ;AUr ðaÞh i and ½AUl ðaÞ;ALl ðaÞ \ ALrðaÞ;AUr ðaÞh i ¼ ; (Fig. 2). Therefore, we obtained the fol-
lowing one-to-one mappings.
For 0 6 a < k,
∼∼
Fig. 1. Level (k,q) i  v fuzzy numbers eA;0 < k 6 q 6 1.
∼
∼
Fig. 2. a-cut of level (k,q) i  v fuzzy number eA.
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h i
$ AUl ðaÞ;ALl ðaÞ;a
h i
and ALrðaÞ;AUr ðaÞ
h i
$ ALrðaÞ;AUr ðaÞ;a
h i
: ð7ÞFor k 6 a 6 q,AUl ðaÞ;AUr ðaÞ
h i
$ AUl ðaÞ;AUr ðaÞ;a
h i
: ð8ÞFrom (5) and (6), we derived the following:
For 0 6 a < k,ALl ðaÞ ¼ aþ ðb aÞ
a
k
; ALr ðaÞ ¼ c  ðc  bÞ
a
k
; AUl ðaÞ ¼ pþ ðb pÞ
a
q
and AUr ðaÞ ¼ r  ðr  bÞ
a
q
:For k 6 a 6 q,AUl ðaÞ ¼ pþ ðb pÞ
a
q
and AUr ðaÞ ¼ r  ðr  bÞ
a
q
:As shown in Fig. 2, let eA ¼ ½ða; b; c; kÞ; ðp; b; r;qÞ 2 FIV ðk;qÞ. Using the decomposition theory, we obtained the following
result:eA ¼ [
06a<k
AUl ðaÞ;ALl ðaÞ;a
h i
[ ALr ðaÞ;AUr ðaÞ;a
h i 
[
[
k6a6q
½AUl ðaÞ;AUr ðaÞ;a
¼
[
06a<k
pþ ðb pÞ a
q
; aþ ðb aÞa
k
;a
 
[ c  ðc  bÞa
k
; r  ðr  bÞ a
q
;a
 
[
[
k6a6q
pþ ðb pÞ a
q
; r  ðr  bÞ a
q
;a
 
ðsee Fig:2Þ ð9ÞUsing a method similar to that of Yao and Wu [13], we considered the signed distance and ranking on FIV(k,q). First, we
considered the deﬁnition of the signed distance on R.
Deﬁnition 5. Let a,0 2 R. We deﬁned the signed distance of a from 0 as d⁄(a,0) = a.
Geometrically, a > 0 indicates that a lies to the right of the origin 0, and the distance between a and 0 is denoted by
d⁄(a,0) = a. Similarly, a < 0 indicates that a lies to the left of 0, and the distance between a and 0 is denoted by d⁄(a,0) = a.
Therefore, d⁄(a,0) denotes the signed distance of a, which is evaluated from 0.
188 C.-F. Fuh et al. / Information Sciences 272 (2014) 185–197Using Deﬁnition 5, we considered the signed distance of eA ¼ ½ða; b; c; kÞ; ðp; b; r;qÞ 2 FIV ðk;qÞ from 0. For 0 6 a < k (Fig. 2;
Deﬁnition 5), the signed distances of P, Q, R, and S from 0 are d AUl ðaÞ;0
 
¼ AUl ðaÞ; d ALl ðaÞ; 0
 
¼ ALl ðaÞ; d ALrðaÞ;0
 
¼ ALr ðaÞ
and d AUr ðaÞ;0
 
¼ AUr ðaÞ. Therefore, the signed distance of the interval AUl ðaÞ;ALl ðaÞ
h i
from 0 can be deﬁned as follows:d AUl ðaÞ;ALl ðaÞ
h i
;0
 
¼ 1
2
d AUl ðaÞ;0
 
þ d ALl ðaÞ; 0
  
¼ 1
2
AUl ðaÞ þ ALl ðaÞ
 
¼ 1
2
aþ pþ ðb aÞa
k
þ ðb pÞ a
q
 
:Similarly,d ALr ðaÞ;AUr ðaÞ
h i
;0
 
¼ 1
2
ALr ðaÞ þ AUr ðaÞ
 
¼ 1
2
c þ r  ðc  bÞa
k
 ðr  bÞ a
q
 
:When AUl ðaÞ;ALl ðaÞ
h i
\ ALr ðaÞ;AUr ðaÞ
h i
¼ ;, the signed distance of ½AUl ðaÞ;ALl ðaÞ [ ALr ðaÞ;AUr ðaÞ
h i
from 0 can be deﬁned asd AUl ðaÞ;ALl ðaÞ
h i
[ ALrðaÞ;AUr ðaÞ
h i
;0
 
¼ 1
2
d AUl ðaÞ;ALl ðaÞ
h i
; 0
 
þ d ALr ðaÞ;AUr ðaÞ
h i
; 0
 h i
¼ 1
4
aþ pþ c þ r þ ð2b a cÞa
k
þ ð2b p rÞ a
q
 
:From (7), we derived the following one-to-one mapping.AUl ðaÞ;ALl ðaÞ
h i
[ ALrðaÞ;AUr ðaÞ
h i
$ AUl ðaÞ;ALl ðaÞ;a
h i
[ ALr ðaÞ;AUr ðaÞ;a
h i
:Therefore, for 0 6 a 6 k, we can deﬁne the signed distance of AUl ðaÞ;ALl ðaÞ;a
h i
[ ALr ðaÞ;AUr ðaÞ;a
h i
from ~0 (the y axis) asd AUl ðaÞ;ALl ðaÞ;a
h i
[ ALrðaÞ;AUr ðaÞ;a
h i
; ~0
 
¼ 1
4
aþ pþ c þ r þ ð2b a cÞa
k
þ ð2b p rÞ a
q
 
: ð1ÞBecause (⁄1) is a continuous function on [0,k] with respect to a, we can deﬁne the signed distance from eA to ~0 as the mean
value on [0,k] through integration. Similarly, for k 6 a 6 q, we obtaind AUl ðaÞ;AUr ðaÞ;a
h i
; ~0
 
¼ 1
2
pþ r þ ð2b p rÞ a
q
 
: ð2Þ(⁄2) is also a continuous function on [k,q]. The signed distance from eA to ~0 can be deﬁned as the average value on [k,q]
through integration. Therefore, we obtained the following deﬁnition:
Deﬁnition 6. Let eA ¼ ½ða; b; c; kÞ; ðp; b; r;qÞ 2 FIV ðk;qÞ; ~0 2 FP . The signed distance of eA from ~0 is deﬁned as follows:
(10) For 0 6 k < q 6 1,dðeA; ~0Þ ¼ 1
k
Z k
0
1
4
aþ pþ c þ r þ ð2b a cÞa
k
þ ð2b p rÞ a
q
 
daþ 1
q k
Z q
k
1
2
pþ r þ ð2b p rÞ a
q
 
da
¼ 1
8
6bþ aþ c þ 4pþ 4r þ 3ð2b p rÞ k
q
 
: ð10Þ(20) For 0 6 k = q 6 1,dðeA; ~0Þ ¼ 1
8
½4bþ aþ c þ pþ r ð11ÞDeﬁnition 7. Let eA ¼ ½ða; b; c; kÞ; ðp; b; r;qÞ; eB ¼ ½ðe; g; h; kÞ; ðu; g;w;qÞ 2 FIV ðk;qÞ. We deﬁned the following ordering.
eB  eA iff dðeB; ~0Þ < dðeA; ~0Þ;eB  eA iff dðeB; ~0Þ ¼ dðeA; ~0Þ;eA  eB iff dðeA; ~0Þ < dðeB; ~0Þ:Using the same arguments as those of Yao and Wu [13], we obtained the following properties:Property 1. If eA; eB 2 FIV ðk;qÞ; ðFIV ðk;qÞ;;Þ satisﬁes the law of trichotomy. Only one eA  eB; eA  eB; eB  eA occurs.
Similar to Deﬁnition 6, we obtained the following deﬁnition:
Deﬁnition 8. Let eA ¼ ðp; b; r;qÞ 2 FNðqÞ; ~0 2 FP . The signed distance of eA from ~0 is deﬁned as
dðeA; ~0Þ ¼ 1
q
Z q
0
1
2
AUl ðaÞ þ AUr ðaÞ
h i
da ¼ 1
q
Z q
0
1
2
pþ ðb pÞ a
q
þ r  ðr  bÞ a
q
 
da ¼ 1
4
½2bþ pþ r:
C.-F. Fuh et al. / Information Sciences 272 (2014) 185–197 189This deﬁnition was obtained by letting a = p, c = r in (11).
By applying the method of Kaufmann and Gupta [10] and Zimmermann [14], we derived the following property:
Property 2. If eA ¼ ða; b; c; kÞ; eB ¼ ðp; q; r; kÞ 2 FNðkÞ; ~1 2 FP,
ð10Þ ða; b; c; kÞ 	 ðp; q; r; kÞ ¼ ðaþ p; bþ q; c þ r; kÞ
ð20Þ ða; b; c; kÞ 
 ðp; q; r; kÞ ¼ ða r; b q; c  p; kÞ
ð30Þ ~1 
 ða; b; c; kÞ ¼ ð1 c;1 b;1 a; kÞLet eAL ¼ ða1; b1; c1; kÞ; eBL ¼ ðp1; q1; r1; kÞ 2 FNðkÞ;eAU ¼ ða2; b1; c2;qÞ; eBU ¼ ðp2; q1; r2;qÞ 2 FNðqÞ; ~1 2 FP:
For 0 6 k 6 q 6 1, let the Level (k,q) i  v fuzzy numbers eA and eB beeA ¼ ½eAL; eAU  ¼ ½ða1; b1; c1; kÞ; ða2; b1; c2;qÞ 2 FIV ðk;qÞeB ¼ ½eBL; eBU  ¼ ½ðp1; q1; r1; kÞ; ðp2; q1; r2;qÞ 2 FIV ðk;qÞ:
From Property 2, we obtaineAL 	 eBL ¼ ða1 þ p1; b1 þ q1; c1 þ r1; kÞ; eAU 	 eBU ¼ ða2 þ p2; b1 þ q1; c2 þ r2;qÞ;eAL 
 eBL ¼ ða1  r1; b1  q1; c1  p1; kÞ; eAU 
 eBU ¼ ða2  r2; b1  q1; c2  p2;qÞ;
1
 eAL ¼ ð1 c1;1 b1;1 a1; kÞ; 1
 eAU ¼ ð1 c2;1 b1;1 a2;qÞ:
ð12ÞWhen 0 6 aj < b1 < cj and 0 6 pj < q1 < rj, j = 1, 2, the extension principle can be used to ﬁnd the graph of the membership
function of eAL  eBL, as shown in Fig. 3.
Using the method proposed by Zimmermann [14], we used Fig. 4 approximate to Fig. 3 to obtain eAL  eBL 
ða1p1; b1q1; c1r1; kÞ, similarly, eAU  eBU  ða2p2; b1q1; c2r2;qÞ. Therefore, we obtained the following:eAL  eBL  ða1p1; b1q1; c1r1; kÞ; eAU  eBU  ða2p2; b1q1; c2r2;qÞ: ð13Þ
Deﬁnition 9. If eA ¼ ½eAL; eAU  ¼ ½ða1; b1; c1; kÞ; ða2; b1; c2;qÞ; eB ¼ ½eBL; eBU  ¼ ½ðp1; q1; r1; kÞ; ðp2; q1; r2;qÞ 2 FIV ðk;qÞ and ~1 2 Fp,
we would obtain the following deﬁnitions:ð10Þ eA 	 eB ¼ ½eAL 	 eBL; eAU 	 eBU 
ð20Þ eA 
 eB ¼ ½eAL 
 eBL; eAU 
 eBU 
ð30Þ ~1
 eA ¼ ½~1
 eAL; ~1
 eAU 
ð40Þ eA  eB ¼ ½eAL  eBL; eAU  eBU We can prove that eA 	 eB; eA 
 eB; ~1
 eA 2 FIV ðk;qÞ when eA; eB 2 FIV ðk;qÞ and ~1 2 Fp.
Using (13), we obtained eA  eB  ½ða1p1; b1q1; c1r1; kÞ; ða2p2; b1q1; c2r2;qÞ 2 FIV ðk;qÞ.
3. Fuzzy system reliability based on Level (k,1) fuzzy numbers
This section presents the fuzzy reliability of a serial system and a parallel system.Fig. 3. Membership function of eAL  eBL .
Fig. 4. Level k triangular fuzzy number (a1,P1,b1q1,c1r1,k).
190 C.-F. Fuh et al. / Information Sciences 272 (2014) 185–197Fig. 5 shows the subsystems P1, P2, P3, . . . , Pn of a serial system. We assumed that the reliabilities of subsystems P1, P2,
P3, . . . , Pn are R1, R2, R3, . . . , Rn(0 6 Rj 6 1, j = 1, 2, . . . , n), respectively. Fig. 6 shows the subsystems P1, P2, P3, . . . , Pn of a par-
allel system. We assumed that the reliabilities of subsystems P1, P2, P3, . . . , Pn are R1, R2, R3, . . . , Rn(0 6 Rj 6 1, j = 1, 2, . . . , n),
respectively.
Note 1. An uncertainty evaluation error occurred when evaluating the reliability Rj of the subsystemPj(j = 1,2, . . . , n) for a
serial system and a parallel system. It is more realistic to assume that the reliability is approximately Rj. It must be noted that
saying ‘‘approximately Rj’’ uses fuzzy language. It is preferable to use a fuzzy set to express its meaning. If we treat the
membership grade as the conﬁdence Level, Rj may not be the exact value because of evaluation error. Therefore, it is
inappropriate to use the conﬁdence Level 1 for Rj. It is preferable to assume that the conﬁdence Level for Rj lies in [k,1],
0 < k < 1; in other words, the membership for Rj lies in [k,1]. Therefore, it is more suitable to fuzzify Rj into a Level (k,1)i  v
fuzzy number. Hence, this type of setting is more appropriate in a real situation. Therefore, we fuzzify Rj as eRj, j = 1, 2, . . . , n,
where eRj is a Level (k,1)i  v fuzzy number (Fig. 7).
Let the Level (k,1)i  v fuzzy number eRj beeRj ¼ eRLj ; eRUjh i ¼ ½ðRj  d2j;Rj;Rj þ d3j; kÞ; ðRj  d1j;Rj;Rj þ d4j;1Þ; ð14Þ
whereRj  1 6 0 < d2j < d1j < Rj and 0 < d3j < d4j < 1 Rj; j ¼ 1;2; . . . ;n: ð15ÞNote 2. In (15), the decision-maker uses suitable values of d1j, d2j, d3j and d4j, as follows: considering that an error occurs
when evaluating the reliability Rj of subsystemPj, the decision-maker estimates that the minimal region of error is the
interval [Rj  d2j, Rj + d3j] and the maximal region of error is the interval [Rj  d1j, Rj + d4j], where dij, i = 1, 2, 3 satisﬁes (15).
Based on Note 3, which corresponds to interval [Rj  d2j, Rj + d3j]  Dk, we can obtain the Level k triangular fuzzy number
(Rj  d2j, Rj, Rj + d3j; k) and the interval [Rj  d1j, Rj + d4j]  D1 maps to a triangular fuzzy number (Rj  d1j, Rj, Rj + d4j; 1). As
shown in Fig. 7, the Level (k,1)i  v fuzzy number [(Rj  d2j, Rj, Rj + d3j; k), (Rj  d1j, Rj, Rj + d4j; 1)] was obtained.Note 3. If the decision-maker uses a valueRj from intervalDk that coincides with the evaluation valueRj, the error would be 0.
Based on the conﬁdence level concept, if the error is zero, the conﬁdence level would be the maximal value and set to k (Note
1 and Fig. 7). If the point is taken from the interval [Rj  d2j, Rj), the error between the point and Rj would become larger when
the point moves away from Rj; that is, the conﬁdence level becomes smaller. Additionally, if the point is equal to Rj  d2j, the
conﬁdence level would be the minimal value and set to 0. Similarly, if the point is taken from the interval (Rj, Rj + d3j], the
conﬁdence level would become smaller when the point moves away from Rj. Additionally, if the point is equal to Rj + d3j,
the conﬁdence level reaches 0. Hence, the following Level k triangular fuzzy number (Fig. 8) is set to correspond to the inter-
val [Rj  d2j, Rj + d3j].
As shown in Fig. 8, the membership grade at Rj is k. The membership grade is lower when the point in intervals (Rj  d2j,
Rj + d3j) is further from both sides of Rj. The membership grade is 0 at the two endpoints, Rj  d2j and Rj + d3j. The membership
grade and the conﬁdence level have the same properties. Therefore, if we make a correspondence between the membershipFig. 5. Conﬁguration of a serial system.
Fig. 6. Conﬁguration of a parallel system.
Fig. 7. Level (k,1) i  v fuzzy numbers eRj.
λ
2 jjR δ− jR 3j jR δ+
x
0
Fig. 8. Level k triangular fuzzy number.
C.-F. Fuh et al. / Information Sciences 272 (2014) 185–197 191grade and conﬁdence level, it is possible to set up a Level k triangular fuzzy number (Rj  d2j, Rj, Rj + d3j; k) corresponding to
interval [Rj  d2j, Rj + d3j]. Similarly, we can set up a triangular fuzzy number (Rj  d1j, Rj, Rj + d4j; 1) corresponding to interval
[Rj  d1j, Rj + d4j].
Remark 1. It is preferable to use a Level (k,1)i  v fuzzy number to fuzzify than using a triangular fuzzy number (Notes 1–3).
In conventional reliability theory, the reliability of a serial system isYn
j¼1
Rj; ð16Þand the reliability of a parallel system is1
Yn
j¼1
ð1 RjÞ ð17ÞProperty 3. If we fuzzify the reliability Rj, j = 1, 2, . . . , n as (14) of a serial system,
(a) The fuzzy reliability of the serial system iseR1  eR2      eRn ¼ Yn
j¼1
ðRj  d2jÞ;
Yn
j¼1
Rj;
Yn
j¼1
ðRj þ d3jÞ; k
 !
;
Yn
j¼1
ðRj  d1jÞ;
Yn
j¼1
Rj;
Yn
j¼1
ðRj þ d4jÞ;1
 !" #
ð18Þ(b) Using Deﬁnition 6, we obtained the following estimate of the reliability of the serial system in the fuzzy sense.1
2
dðeR1  eR2      eRn; ~0Þ ¼ 116 6Yn
j¼1
Rj þ
Yn
j¼1
ðRj  d2jÞ þ
Yn
j¼1
ðRj þ d3jÞ þ 4
Yn
j¼1
ðRj  d1jÞ þ 4
Yn
j¼1
ðRj þ d4jÞ
"
þ 3k 2
Yn
j¼1
Rj 
Yn
j¼1
ðRj  d1jÞ 
Yn
j¼1
ðRj þ d4jÞ
 !#
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(a) From (15), 0 < Rj  d1j < Rj  d2j, 0 < Rj + d3j < Rj + d4j, j = 1, 2, . . . , n, (13), Property 2, and Deﬁnition 9, we obtained (a).
(b) From Deﬁnition 6 and Remark 2, we obtained the desired result. hRemark 2. (a)When d1j = d2j = d3j = d4j = 0 for all j = 1, 2, . . . , n and k = 0, 12 dðeR1  eR2      eRn; ~0Þ ¼Qnj¼1Rj. Thus, it is reduced
to the crisp case (16). Therefore, we set 12 dðeR1  eR2      eRn; ~0Þ as the fuzzy estimate of the reliability of the serial system.
(b) Using (15) and 0 < k < 1, we obtained1
2
dðeR1 eR2 eRn;~0Þ¼ 116 6ð1þkÞYn
j¼1
Rjþ
Yn
j¼1
ðRjd2jÞþ
Yn
j¼1
ðRjþd3jÞþð43kÞ
Yn
j¼1
ðRjd1jÞþð43kÞ
Yn
j¼1
ðRjþd4jÞ
" #
>0:Property 4. When we fuzzify the reliability Rj, j = 1, 2, . . . , n as (14) of a parallel system,
(a) The fuzzy reliability of the parallel system is~1
 ½ð~1?eR1Þ  ð~1
 eR2Þ      ð~1
 eRnÞ ¼ 1Yn
j¼1
ð1 Rj þ d2jÞ;1
Yn
j¼1
Rj;1
Yn
j¼1
ð1 Rj  d3jÞ; k
 !
;
"
 1
Yn
j¼1
ð1 Rj þ d1jÞ;1
Yn
j¼1
Rj;1
Yn
j¼1
ð1 Rj  d4jÞ;1
 !#(b) Using Deﬁnition 6, we obtained the following estimate of the reliability of the parallel system in the fuzzy sense1
2
d ~1
 ð~1
 eR1Þ  ð~1
 eR2Þ      ð~1
 eRnÞh i; ~0  ¼ 116 ½6bþ aþ c þ 4pþ 4r þ 3kð2b p rÞ;wherea ¼ 1
Yn
j¼1
ð1 Rj þ d2jÞ; b ¼ 1
Yn
j¼1
Rj; c ¼ 1
Yn
j¼1
ð1 Rj  d3jÞ;p ¼ 1
Yn
j¼1
ð1 Rj þ d1jÞ; r ¼ 1
Yn
j¼1
ð1 Rj  d4jÞ:Proof. (a) From Deﬁnition 9 and Property 2, we obtained ~1
 eRj ¼ ½ð1 Rj  d3j;1 Rj;1 Rj þ d2j; kÞ; ð1 Rj  d4j;1
Rj;1 Rj þ d1j;1Þ, and from (15) we obtained 0 < 1  Rj  d4j < 1  Rj  d3j and 0 < 1  Rj + d2j < 1  Rj + d1j for all
j = 1,2, . . . , n. Therefore, Property 2, Deﬁnition 9, and (13) can be used to obtainð~1
 eR1Þ  ð~1
 eR2Þ      ð~1
 eRnÞ ¼ Yn
j¼1
ð1 Rj  d3jÞ;
Yn
j¼1
ð1 RjÞ;
Yn
j¼1
ð1 Rj þ d2jÞ; k
 !
;
"

Yn
j¼1
ð1 Rj  d4jÞ;
Yn
j¼1
ð1 RjÞ;
Yn
j¼1
ð1 Rj þ d1jÞ;1
 !#
:Using Deﬁnition 9, we obtained (a).
(b) From Deﬁnition 6, we obtained (b). We then complete the proof. hRemark 3. (a) For a general system (Section 4, Fig. 9), Properties 3 and 4 can be used to ﬁnd the fuzzy reliability of the sys-
tem and the estimated reliability of the system in the fuzzy sense.
(b) From (15), for each j 2 {1,2, . . . , n}, 0 < 1  Rj + d2j < 10 < 1  Rj  d3j < 1, 0 < 1  Rj + d1j < 1 and 0 < 1  Rj  d4j < 1.Fig. 9. Fault tree for the example.
C.-F. Fuh et al. / Information Sciences 272 (2014) 185–197 193Using Property 4(b), a ¼ 1Qnj¼1ð1 Rj þ d2jÞ; b ¼ 1Qnj¼1Rj; c ¼ 1Qnj¼1ð1 Rj  d3jÞ; p ¼ 1Qnj¼1ð1 Rj þ d1jÞ and
r ¼ 1Qnj¼1ð1 Rj  d4jÞ are positive numbers, and we can obtain the followingTable 1
The bas
No
1
2
3
4
5
6
7
81
2
dð~1
 ½ð~1
 eR1Þ  ð~1
 eR2Þ      ð~1
 eRnÞ; ~0Þ ¼ 116 ½6ð1þ kÞbþ aþ c þ ð4 3kÞpþ ð4 3kÞr > 0; 0 < k < 1:4. Examples
Example 1 is based on the example presented by Chen [7] and Singer [12].
Two grinding machines are working next to each other. What is the possibility that people coming into the vicinity of the
machines are injured by getting a chip in the eye? The people at highest risk are the operators, who are obliged to wear safety
glasses, yet often fail to do so. Other people at risk include people in the vicinity of the machines, people bringing and remov-
ing items to the area, and people entering the area for other reasons. The fault tree for the main events in which a person may
be injured can be constructed as shown in Fig. 9. The basic events contributing to accidents are shown in Table 1 (Data
Sources [12]).
Case 1: Symmetrical Level (0.9,1)i  v fuzzy numbers.eRA ¼ eRB ¼ ½ð0:011; 0:02; 0:029; 0:9Þ; ð0:00888; 0:02;0:03112;1ÞeRC ¼ eRD ¼ ½ð0:777;0:8; 0:823;0:9Þ; ð0:75552;0:8; 0:84448;1ÞeRE ¼ ½ð0:955; 1:0;1:045;0:9Þ; ð0:94434;1:0;1:05566;1ÞeRF ¼ eRG ¼ ½ð0:049;0:05;0:051;0:9Þ; ð0:04722;0:05;0:05278;1ÞeRH ¼ ½ð0:0099;0:01;0:0101;0:9Þ; ð0:00944; 0:01;0:01056;1Þ
From Fig. 9, the truth function of the main system X can be written asU ¼ Fþ GþH; V ¼ Cþ D; Z ¼ E U V; X ¼ Aþ Bþ Z ð19Þ
Thereafter, we obtain the following using Properties 3 and 4:eRU ¼ ~1
 ½ð~1
 eRFÞ  ð~1
 eRGÞ  ð~1
 eRHÞ
¼ ~1
 ½ð0:89150;0:89348;0:89545;0:9Þ; ð0:88775; 0:89348; 0:89922;1Þ
¼ ½ð0:10455;0:10652;0:10850;0:9Þ; ð0:10078; 0:10652;0:11225;1ÞeRV ¼ ~1
 ½ð0:03133;0:04;0:04973;0:9Þ; ð0:02419; 0:04;0:05977;1Þ
¼ ½ð0:95027;0:96; 0:96867; 0:9Þ; ð0:94023; 0:96;0:97581;1ÞeRZ ¼ eRE  eRU  eRV
¼ ½ð0:09488;0:10226;0:10983;0:9Þ; ð0:08948; 0:10226;0:11563;1Þ:eRX ¼ ~1
 ½ð~1
 eRAÞ  ð~1
 eRBÞ  ð~1
 eRZÞ
¼ ~1
 ½ð0:83929;0:86219;0:88532;0:9Þ; ð0:83018; 0:86219; 0:89442;1Þ ð20Þ
¼ ½ð0:11468;0:13781;0:16071;0:9Þ; ð0:10558; 0:13781; 0:16982;1ÞUsing Deﬁnition 6, we defuzziﬁed eRX and obtained the estimated reliability of the system in the fuzzy sense as
1
2 dðeRX ; ~0Þ ¼ 0:1377777. Chen [7] used a triangular fuzzy number. As shown in Fig. 7, let d2j = d1j,d3j = d4j, k = 0. Subsequently,
we obtained the triangular fuzzy number eRj ¼ ðRj  d1j;Rj;Rj þ d4j;1Þ. Therefore, the triangular fuzzy numbers used by Chen
[7] areic events contributing to the accident.
Symbol Basic event Rj d2j = d3j d1j = d4j
A Operator 1 fails to wear safety glasses 0.02 0.009 0.01112
B Operator 2 fails to wear safety glasses 0.02 0.009 0.01112
C Machine 1 is operating 0.8 0.023 0.04448
D Machine 2 is operating 0.8 0.023 0.04448
E Persons entering the area without safety glasses 1.0 0.045 0.05566
F Persons entering the endangered area bringing material 0.05 0.001 0.00278
G Persons entering area carrying away made product 0.05 0.001 0.00278
H Persons entering the area for other reasons 0.01 0.0001 0.00056
194 C.-F. Fuh et al. / Information Sciences 272 (2014) 185–197eRA ¼ eRB ¼ ð0:00888;0:02;0:03112;1ÞeRC ¼ eRD ¼ ð0:75552;0:80;0:84448;1ÞeRE ¼ ð0:94434;1:00;1:05566;1ÞeRF ¼ eRG ¼ ð0:04722; 0:05; 0:05278;1ÞeRH ¼ ð0:00944;0:01;0:10560;1Þ
We obtainedeRX ¼ ð0:10558; 0:13781; 0:169821;1Þ  eRð1ÞX say  ð21Þ
Using Deﬁnition 8, we defuzziﬁed eRð1ÞX and obtained the estimated reliability of the system in the fuzzy sense as
d eRð1ÞX ; ~0  ¼ 0:137755. For (19) and Rj in Table 1, we obtained the reliability of the system in the crisp case, which was
0.102264. We obtained the difference 12dðeRX ; ~0Þ  d eRð1ÞX ; ~0  ¼ 0:0000227
Case 2: Asymmetrical Level (0.7,1)i  v fuzzy numbers.
We changed the values of d1j, d2j, d3j, d4j from Table 1, as follows:d11 ¼ 0:01112; d21 ¼ 0:009; d31 ¼ 0:01; d41 ¼ 0:02
d12 ¼ 0:01112; d22 ¼ 0:009; d32 ¼ 0:01; d42 ¼ 0:02
d13 ¼ 0:04448; d23 ¼ 0:023; d33 ¼ 0:03; d43 ¼ 0:06
d14 ¼ 0:04448; d24 ¼ 0:023; d34 ¼ 0:03; d44 ¼ 0:06
d15 ¼ 0:05566; d25 ¼ 0:045; d35 ¼ 0:05; d45 ¼ 0:08
d16 ¼ 0:00278; d26 ¼ 0:001; d36 ¼ 0:01; d46 ¼ 0:09
d17 ¼ 0:00278; d27 ¼ 0:001; d37 ¼ 0:01; d47 ¼ 0:09
d18 ¼ 0:00056; d28 ¼ 0:0001; d38 ¼ 0:002; d48 ¼ 0:005:Subsequently, we obtained the following:eRA ¼ eRB ¼ ½ð0:011;0:02;0:03;0:7Þ; ð0:00888; 0:02;0:04;1ÞeRC ¼ eRD ¼ ½ð0:777;0:80; 0:83;0:7Þ; ð0:75552; 0:8;0:86;1ÞeRE ¼ ½ð0:955;1:00;1:05; 0:7Þ; ð0:94434;1:0;1:08;1ÞeRF ¼ eRG ¼ ½ð0:049;0:05;0:06;0:7Þ; ð0:04722;0:05; 0:14;1ÞeRH ¼ ½ð0:0099;0:01;0:012;0:7Þ; ð0:00944; 0:01;0:015;1Þ
Using Properties 3 and 4, we obtained the following results:eRU ¼ ~1
 ½ð~1
 eRFÞ  ð~1
 eRGÞ  ð~1
 eRHÞ
¼ ~1
 ½ð0:87300; 0:89348; 0:89545; 0:7Þ; ð0:72551;0:89348;0:89922;1Þ
¼ ½ð0:10455; 0:10652;0:12700;0:7Þ; ð0:10078; 0:10652;0:27449;1ÞeRV ¼ ~1
 ½ð0:0289;0:04; 0:04973;0:7Þ; ð0:0196;0:04;0:05977;1Þ
¼ ½ð0:95027; 0:96; 0:9711;0:7Þ; ð0:94023; 0:96; 0:9804;1ÞeRZ ¼ eRE  eRU  eRV
¼ ½ð0:09488; 0:10226;0:12950; 0:7Þ; ð0:08948; 0:10226;0:29064;1Þ:eRX ¼ ~1
 ½ð~1
 eRAÞ  ð~1
 eRBÞ  ð~1
 eRZÞ
¼ ~1
 ½ð0:81905;0:86219;0:88532;0:7Þ; ð0:65375; 0:86219; 0:89442;1Þ ð22Þ
¼ ½0:11468; 0:13781; 0:18095;0:7Þ; ð0:10558;0:13781;0:34625;1Þ  eRð2ÞX say Using Deﬁnition 6, we defuzziﬁed eRð2ÞX and obtained the estimated reliability of the system in the fuzzy sense as
1
2 d
eRð2ÞX ; ~0  ¼ 0:1599855. Using the same arguments as those in Case 1 and a triangular fuzzy number, we obtained
eRX ¼ ð0:10558; 0:13781; 0:34625;1Þ  eRð3ÞX say  ð23ÞUsing Deﬁnition 8, we defuzziﬁed eRð3ÞX and obtained the estimated reliability of the system in the fuzzy sense as
dðeRð3ÞX ; ~0Þ ¼ 0:1818625, for a difference of 12 d eRð2ÞX ; ~0  d eRð3ÞX ; ~0  ¼ 0:021877.
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we obtainedeRX ¼ ½ð0:11468;0:13781;0:18095; 0:9Þ; ð0:10558; 0:13781; 0:34625;1Þ  eRð4ÞX say  ð24Þ
Using Deﬁnition 6, we defuzziﬁed eRð4ÞX and obtained the estimated reliability of the system in the fuzzy sense as
1
2 d
eRð4ÞX ; ~0  ¼ 0:15384. Using the same arguments as those in Case 1 and triangular fuzzy numbers, we obtained
eRX ¼ ð0:10558;0:13781;0:34625;1Þ  eRð5ÞX say Using Deﬁnition 8, we defuzziﬁed eRð5ÞX and obtained the estimated reliability of the system in the fuzzy sense as
d eRð5ÞX ; ~0  ¼ 0:1818625. We derived the difference as 12 d eRð4ÞX ; ~0  d eRð5ÞX ; ~0  ¼ 0:0280225.
Case 4: Asymmetrical Level (0.9,1) i  v fuzzy numbers.
We changed the values of d1j, d2j, d3j, d4j from Table 1, as follows:d11 ¼ 0:01112; d21 ¼ 0:0090; d31 ¼ 0:0100; d41 ¼ 0:0111
d12 ¼ 0:01112; d22 ¼ 0:0090; d32 ¼ 0:0100; d42 ¼ 0:0111
d13 ¼ 0:04448; d23 ¼ 0:0023; d33 ¼ 0:0020; d43 ¼ 0:0440
d14 ¼ 0:04448; d24 ¼ 0:0023; d34 ¼ 0:0020; d44 ¼ 0:0440
d15 ¼ 0:05566; d25 ¼ 0:0450; d35 ¼ 0:0400; d45 ¼ 0:0550
d16 ¼ 0:00278; d26 ¼ 0:0010; d36 ¼ 0:0020; d46 ¼ 0:0027
d17 ¼ 0:00278; d27 ¼ 0:0010; d37 ¼ 0:0020; d47 ¼ 0:0027
d18 ¼ 0:00056; d28 ¼ 0:0001; d38 ¼ 0:0002; d48 ¼ 0:0005:Subsequently, we obtainedeRA ¼ eRB ¼ ½ð0:0110;0:02; 0:0300;0:9Þ; ð0:00888; 0:02; 0:03111;1ÞeRC ¼ eRD ¼ ½ð0:7977;0:80;0:8020; 0:9Þ; ð0:75552;0:80;0:844;1ÞeRE ¼ ½ð0:9550;1:00;1:0400;0:9Þ; ð0:94434;1:00;1:055;1ÞeRF ¼ eRG ¼ ½ð0:0490;0:05;0:0520; 0:9Þ; ð0:04722; 0:05; 0:0527;1ÞeRH ¼ ½ð0:0099;0:01;0:0102; 0:9Þ; ð0:00944;0:01;0:0105;1Þ
Using Properties 3 and 4, we obtained the following i  v fuzzy numbers.eRU ¼ ½ð0:10455;0:10652; 0:11046;0:9Þ; ð0:10059; 0:10652;0:11205;1ÞeRV ¼ ½ð0:95027;0:96; 0:96080;0:9Þ; ð0:94023;0:96;0:97566;1ÞeRZ ¼ ½ð0:09488;0:10226; 0:11038;0:9Þ; ð0:08932;0:10226; 0:11534;1ÞeRX ¼ ½ð0:11468; 0:13781;0:16296;0:9Þ; ð0:10542; 0:13781; 0:16953;1Þ  eRð6ÞX say :
Using Deﬁnition 6, we defuzziﬁed eRð6ÞX and obtained the estimated reliability of the system in the fuzzy sense as
1
2 d
eRð6ÞX ; ~0  ¼ 0:1378106. Using the same arguments as those in Case 1 and a triangular fuzzy number, we obtained
eRX ¼ ð0:10542;0:13781;0:16953;1Þ  eRð7ÞX say :Using Deﬁnition 8, we defuzziﬁed eRð7ÞX and obtained the estimated reliability of the system in the fuzzy sense as
d eRð7ÞX ; ~0  ¼ 0:1376425. We derived the difference as 12 d eRð6ÞX ; ~0  dðeRð7ÞX ; ~0Þ ¼ 0:0001681.
5. Discussions
[A] Triangular fuzzy numbers fall within a special case of Level (k,1)i  v fuzzy numbers.
As shown in Fig. 7, Level (k,1)i  v fuzzy number eRj ¼ ½ðRj  d2j;Rj;Rj þ d3j; kÞ; ðRj  d1j;Rj;Rj þ d4j;1Þ. Let d2j = d1j, d3j = d4j,
k = 0. As shown in the ﬁgure, the triangular fuzzy number (Rj  d1j, Rj, Rj + d4j; 1) is a special case of a Level (k,1) i  v fuzzy
number. As stated in Remark 1, it is preferable to use a Level (k,1)i  v fuzzy number to defuzzify eRj than using a triangular
fuzzy number in a real number.
[B] A comparison of the fuzzy and estimated reliabilities in this study and those obtained by Chen [7].
Chen [7] used a fuzzy number that was used as a triangular fuzzy number in this study. As stated in [A], the triangular
fuzzy number is a special case of the Level (k,1)i  v fuzzy number. Therefore, the consideration of fuzziness is superior to
196 C.-F. Fuh et al. / Information Sciences 272 (2014) 185–197that of Chen [7]. Chen did not consider the estimated reliability of the system in the fuzzy sense. We used the signed distance
(Deﬁnition 6) of the Level (k,1) i  v fuzzy number to defuzzify and obtain the estimated reliability of the system in the fuzzy
sense (see the example in Section 4).
[C] Comparison of this study with that of Cheng and Mon [6].
Cheng and Mon [6] considered the following:leAðxÞ ¼
0; x < a1
xa1
a2a1 ; a1 6 x 6 a2
a2x
a3a2 ; a2 6 x 6 a3
0; x > a3
8>>><>>:
That is, eA ¼ ða1; a2; a3;1Þ, where 0 6 a 6 1.
The a-level set of eA is eAa ¼ aa1; aa3 	 ¼ ½ða2  a1Þaþ a1;ða3  a2Þaþ a3. The fuzzy reliability of the serial system iseP ¼ eP1ðÞeP2ðÞ    ðÞePn ¼ aa11; aa13 	  aa21; aa23 	; . . . ; aan1; aan3 	
¼ ½ða21  a11Þaþ a11;ða13  a12Þaþ a13; . . . ; ½ðan2  an1Þaþ an1;ðan3  an2Þaþ an3
¼
Yn
i¼1
ððai2  ai1Þaþ ai1Þ;
Yn
i¼1
ððai3  ai2Þaþ ai3Þ
" #
:The fuzzy reliability of the parallel system iseP ¼ 1Yn
i¼1
ð1 ePiÞ ¼ ½1;1 Yn
i¼1
½1;1  aai1; aai3
 	
  ¼ 1Yn
i¼1
ððai2  ai1Þaþ 1 ai1Þ;1
Yn
i¼1
ððai3  ai2Þaþ 1 ai3Þ
" #
:This interval is obtained by a-cut of the triangular fuzzy numbers. To consider the ith fuzzy reliability, let ePi ¼ ðai1; ai2; ai3Þ.
Using the decomposition theorem, we obtainedePi ¼ S
06a61
½ai1 þ ðai2  ai1Þa; ai3  ðai3  ai2Þa;a; i ¼ 1;2; . . . ;n and" #eP1ðÞeP2ðÞ    ðÞePn ¼ [
06a61
Yn
i¼1
ððai2  ai1Þaþ ai1Þ;
Yn
i¼1
ððai3  ai2Þaþ ai3Þ;aCheng and Mon [6] used only one a in the decomposition to address the problem.
6. Conclusions
The reliability of production process experiments must be considered in relation to factory production processes. It is dif-
ﬁcult to obtain signiﬁcant results using this reliability evaluation when only one model is considered without conducting
experiments. Conventional optimization methods assume that all model parameters and goals are precisely known. How-
ever, incomplete and unreliable information is encountered in numerous practical problems. Therefore, this study used
the fuzzy concept to address system reliability issues.
This study used Level (k,1) interval-valued fuzzy numbers to examine the fuzzy reliability of a serial system and a parallel
system. The membership grade of reliability was transformed into a Level (k,1)i  v fuzzy number using the conﬁdence level
concept. The reliability of both the serial and parallel systems was fuzziﬁed using the signed distance method to defuzzify
the fuzzy reliability. This method was designed to obtain the estimated reliability of both systems in the fuzzy sense. Level
(k,1)i  v fuzzy numbers were used for fuzziﬁcation, which is a superior approach compared with using triangular fuzzy
numbers. The originality and creativity of this study is useful for applications.
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